We consider conditions of structural stability under which the array of singular beams preserves its topological structure and intensity distribution while slightly perturbing its intrinsic parameters. The orbital angular momentum of the array as a function of the array parameters is a characteristic function, and its extreme points correspond to stable and unstable array states.
INTRODUCTION
One of the crucial problems of singular optics [1] is the shaping of singular beams with appropriate features of optical vortices [2] . As a rule, the vortex-bearing beams exploitable in different optical devices (for example, for trapping, transportation, and rotation of microparticles [3, 4] ; for processing quantum information [5, 6] ; for nonlinear optical operations [7] , etc.) need a specific distribution of optical vortices over the beam cross section. However, tight focusing or other external perturbations arising in the course of operations with the beam can radically reconstruct its initial structure [8] [9] [10] ; i.e., the external perturbations can violate its structural stability.
In our article we consider conditions of structural stability (or, vice versa, structural instability) of a symmetric array of singular beams with a specific distribution of optical vortices relative to different external perturbations.
It is well known [11] [12] [13] that Hermite-Gaussian, Laguerre-Gaussian, and Bessel-Gaussian vortex beams do not change their structure under focusing or propagation. The same property is inherent in a whole constellation of recently revealed beams such as HelmholtzGaussian [14, 15] , helico-conical [16] , generalized Gaussian [17] , hypergeometric beams [18] , etc. However, the structural properties of the individual beams are radically changed via combining them into on-axis [19, 20] or off-axis [21] [22] [23] [24] [25] [26] [27] [28] compositions that can lose their structural stability.
From among the different of wave constructions, Abramochkin and Volostnikov singled out only those beams whose intensity distribution does not change to scaling and rotation under propagation and focusing [29] [30] [31] . These were called spiral beams. In particular, standard Hermite-Gaussian and Laguerre-Gaussian beams with a real argument represent a family of spiral beams (in contrast to paraxial beams with a complex argument, including Bessel-Gaussian beams). They showed that a composition of spiral beams propagating along the same optical axis is also a spiral beam. In some cases, the spiral beams can be regarded as a composition of off-axis singular or nonsingular beams. However, authors have not touched upon the problem of structural stability of such spiral beams relative to their inherent parameters.
Before considering the structural transformations of a spatial beam array, it is necessary to define the concept of structural stability of a light beam. In accordance with Poston and Stewart [32] and Berry and Upstill [33] , a function that describes some physical system is structurally stable if a slight perturbation does not change the type and number of its critical points.
The critical points in a singular beam are associated with optical vortices. Freund in [19, 20] gave a detailed analysis of degenerate critical points (higher-order optical vortices) in two-dimensional wave fields via external perturbations. He showed different ways of splintering the degenerated critical points into a new set of critical points, including those with a lower-order degeneracy. Thus, the structural stability (or instability) of a system of singular beams has to be treated together with the perturbation affecting the system [32] . On the other hand, the notion of structural stability is tightly connected with one more fundamental notion-genericity [19, 20, 34] ; that is a natural realization of a certain model of physical objects without additional tricks of experimentalists. From this standpoint all light beams bearing higher-order optical vortices are nongeneric ones because arbitrary external perturbations can turn the degenerated optical vortex into a set of singly charged vortices until the experimentalist make use of special technical tricks. However, such nongeneric beams are structurally stable ones, for example, relative to free propagation, focusing with ideal optical instruments and a large number of other special perturbations. It is such a reduced notation of structural stability that we will use later on.
The aim of our article is to study different structural transformations of a symmetric array of off-axis singular beams, in particular spiral beams via variations of their intrinsic parameters, to analyze their orbital angular momentum and to discuss different experimental ways of producing structurally stable vortex-beam arrays.
The paper is organized as follows: In Section 2 we consider an axially symmetric array of singular beams bearing optical vortices with different magnitudes of topological charges. We focus our attention on analyzing the critical points and structural stability of the array relative to variation of its intrinsic parameters without violating its axial symmetry. A transformation of the orbital angular momentum of the array via variations of its parameters and a connection of it with critical points are considered in Section 3. We have proposed ways of producing structurally stable beam arrays on the basis of light diffraction on a stack of dielectrical wedges [35, 36] . However, a detailed characterization of the experimental implementation is beyond the scope of the current paper; therefore we will try to consider it in a future paper.
VORTEX-BEAM ARRAY
A. Wave Field of the Array Let us consider a beam array comprising a set of N identical singular beams whose axes lie on the surface of a hyperboloid of revolution. An example of the array of three singular beams is shown in Fig. 1 . Each individual beam in the array carries over a centered optical vortex with a topological charge equal to M ͑ = ±1͒ and has a waist radius w 0 at the plane z = 0. The vortex centers are placed at the vertices of a regular polygon with the angle coordinate n = ͑2 / N͒n ͑n =1,2, . . . ,N͒. Sticking to a paraxial approximation, we will consider also that the angle ␣ between the axis of an individual beam and a common axis z of the array is small; i.e., sin ␣ Ϸ ␣ and cos ␣ Ϸ 1−␣ 2 /2. Let a new referent frame ͕x n , y n , z n ͖ be connected with an individual beam so that its origin is placed at the nth vertex of the polygon at the z = 0 plane and the z n axis is directed along the individual beam axis. We can write a coordinate transformation in the form
where xЈ = x cos n + y sin n and yЈ =−x sin n + y cos n . In our approximation we can write the local radial coordinate r n = ͑x n 2 + y n 2 ͒ 1/2 and the longitudinal coordinate z n in terms of general cylindrical coordinates ͕r , , z͖ with x = r cos , y = r sin , and r = ͑x 2 + y 2 ͒ 1/2 in the form
where n = − n , r 0 is a radial coordinate of a polygon vertex.
A particular solution to a paraxial equation for complex amplitudes,
͑3͒
can be presented in the coordinates ͕r , , z͖ as
where Z n = z n + iz 0 , z 0 = kw 0 2 /2, w 0 is the waist radius, k is the wavenumber, and C = r 0 + i␣z. The complex amplitude represents a Gaussian envelope in coordinates ͑x n , y n , z n ͒ with a centered optical vortex, while its topological charge is equal to M. The sign of the topological charge is defined by the value = ± 1. The wave field of an individual off-axis beam can be rewritten as
In addition, we will consider that 1 / Z n Ϸ 1/Z, Z = z + iz 0 in the paraxial approximation. Equation (5) shows that the coordinate transformation imparts an additional phase to each individual beam connected with a rotation of the referent frame ͑xЈ , yЈ͒ at the angle n in transformation (1) . In fact, such a transformation in our approach is equivalent to a rotation of the individual vortex beam. In order to compensate the additional phase and to match all individual beams, let us multiply Eq. (5) by the function exp͓i n ͑l + M͔͒ (where the orbital number l = 0 , ± 1 , ± 2 , . . .. is responsible for the phase matching of the beams in the array).
Thus, a state of the vortex-beam array can be characterized by three groups of rotation (see Fig. 1 ). The first group is associated with a beam tilt at the angle ␣. The wave vector k of each individual beam has an azimuthal component k . It is this component that provides the array with rotation as a whole. The second group is connected with a helical wavefront of each individual singular beam [1] . The third group is associated with a phase matching of individual beams in the array. The phase matching secures increasing (or decreasing) of the phase as we bypass the array axis in a manner similar to that in the individual vortex beam. Different combinations of these rotations define intrinsic features of the vortexbeam array.
The scalar field of the array is written in the form Fig. 1 . Geometry of the vortex-beam array.
For the nucleus of the function ⌿ n we have
Also we can write in Eq. (4) exp
͑8͒
where
On the other hand, we can make use of the generating function relation in Eq. (8):
where I n ͑x͒ is a modified Bessel function. Then we can rewrite Eq. (6) in the form
Taking into account properties of the geometric series [37] ,
we come to a final form of the wave function in Eq. (12):
Let us consider different types of vortex-beam arrays.
B. Array of Off-Axis Gaussian Beams

Spiral Beams
The array of nonsingular phase-matched beams can be derived from Eq. (11) provided that the topological charge of the individual beams is zero, M =0:
We see that the wave field of the array is written down in terms of standard on-axis Bessel-Gauss beams [13] . It is convenient to characterize the state of such an array with the help of two numbers ͕N , l͖ and two dimensionless parameters ␣ and R. Consider the influence of different parameters of the array on the field structure [38, 39] . Expression (15) can be essentially simplified for the case:
By using the property of modified Bessel functions [37] I ±n͑x͒ Ϸ͑x /2͒ n / n! (for small x), we find
͑16͒
The series in Eq. (16) represents superpositions of standard vortex beams with constant coefficients and consequently describes typical spiral beams [29] with intrinsic parameters ␣ and R. In fact, the condition: ␣ 2 Ϸ R 2 demands that an overlapping of sidelobes of individual beams does not change during beam array propagation. The interference pattern does not change the intensity distribution, and, consequently, the structural construction of the spiral beam remains constant while propagating. The intensity distribution can revolve on the array axis; its scale can change but the number and type of critical points remain constant. Thus, we can simplify Eq. (16) by assuming z =0:
However, variation of the intrinsic parameters ␣ and R can take the beam out of a stable state, changing the type and order of critical points.
Properties of the Beam Array
The simplest example of the spiral beam is an array of two beams: {2, 1}. From Eq. (17) we obtain
The above equation describes the field with a chain of the optical vortices with a deformed core positioned on the y axis ( Fig. 2 ; {2, 1}). As the parameters R → ͉␣ ͉, a contribution of oppositely charged vortices vanishes. When the value R diminishes, a distance between neighboring identically charged vortices grows so that we can observe the only centered optical vortex with a nearly ideal core. The same property has high-order beam arrays. The beam arrays with N =2͉l͉ takes a specific place because neighboring individual beams in those have a phase difference equal to . There is not a central optical vortex if the beam axes are parallel: ␣ = 0. In the case ␣ 0, the sign of the vortex topological charge does not depend on the sign of orbital number l being exclusively defined by the angle ␣ .
In the general case, the value and sign of the topological charge of the centered vortex are defined by a sign of a product ͑␣l͒ and depend on a correlation between a number of individual beams N and an orbital number l: N Ͻ 2͉l͉ +1 or N Ͼ 2͉l͉ +1, if N Ͼ l. For example, the array of three beams N = 3 and l = ± 1 has the topological charge Q = ± 1 of the centered vortex ( Fig. 2; {3, 1} ), but as soon as l = ± 2, we obtain Q = ϯ 1.
However, as a beam array propagates along the z axis, its intensity distribution can dramatically change. Typical transformations of the intensity distribution (when the array parameters are far from critical ones R = ͉␣ ͉) are shown in Fig. 3(I) . Near the initial plane z = 0, the vortex net of the array ͕5,−2͖, consisting of single-charged vortices with a double-charged vortex Q = 2 at the center, forms a typical pentagram. As the array propagates, the pentagram is distorted together with the intensity distribution. In contrast to that, the intensity distribution of the spiral beam ͉␣ ͉ = R with R = 1.8 in the same state [see Fig. 3(II) ] does not experience any transformations but a scaling and a rotation.
Critical Points and Structural Stability of Spiral Beams
Let us first consider structural transformations of the array field via variations of its intrinsic parameters: the relative angle ␣ and the relative displacement R. It is necessary to keep in mind that both ␣ and R comprise implicitly the waist radius w 0 so that real variations of the angle ␣ and the displacement R are also accompanied by variations of the parameter w 0 . There are four possible states of the beam array depending on signs of the angle ␣ and the orbital number l: (1) ␣ Ͼ 0,l Ͼ 0; (2) ␣ Ͻ 0,l Ͼ 0; (3) ␣ Ͼ 0,l Ͻ 0; and (4) ␣ Ͻ 0,l Ͻ 0. The symmetry of the array enables us to reduce them to two states: (1) ͑␣ l͒ Ͼ 0 and (2) ͑␣ l͒ Ͻ 0.
Let the beam array be characterized by an orbital num- ber l Ͼ 0 so that N Ͼ ͉l͉, whereas the angle ␣ Ͼ 0. Then the field (17) for spiral beams ͉͑␣ ͉ϷR͒ has the form
The second sum in Eq. (18) vanishes if ͉␣ ͉ = R, the central vortex acquiring a topological charge Q =−͑N − l͒. In the vicinity of the point ͉␣ ͉ = R, the central vortex surrounded by N single-charged optical vortices has a charge Q = l. Thus, the point ͉␣ ͉ = R (for all z axes) is a critical point of the order Q =−͑N − l͒. In order to realize the behavior of the critical point, it is necessary to plot vortex trajectories near the axis R = 0 in coordinates ͑x , y , ␣ ͒ under the condition that Re͓⌿͑x , y , ␣ ͔͒ =0, Im͓⌿͑x , y , ␣ ͔͒ = 0. From Eq. (18), we find (20) aspire to infinity at the plane ␣ = 1. But taking into account terms of the higher orders in Eq. (18), we obtain only a slight deviation of the trajectories at the plane ␣ =1.
We have studied all possible versions and combinations of signs between ␣ and l and have revealed the following simple rules for critical points and structural stability of spiral beams produced by the beam array in the state ͕N , l͖: 
In fact, structural instability of a spiral beam results from superposition of N + 1 vortices at the array axis: N negatively (positively) charged off-axis vortices and one positively (negatively) charged on-axis vortex with a topological charge equal to l. The on-axis vortex associated with the number l is a result of phase matching of individual beams in the array. It can arise at the beam axis even if the angle ␣ = 0. On the other hand, a major contribution in shaping outlying vortices proceeds from the destructive interference of two neighboring Gaussian beams ͑␣ 0͒. These beams form a chain of optical vortices whose signs of topological charges are opposite to that of the centered vortex if ͑␣ l͒ Ͼ 0. Changing the angle ␣ (or the displacement R) also changes the positions of off-axis vortices so that they are superposed at the center (provided that ␣ = R), forming a central vortex with ͑N − ͉l͉͒ topological charge. Any slight variation in either the displacement R or the angle ␣ destroys the central vortex into N off-axis single-charged vortices and a central vortex with l topological charge. When the angle ␣ and the orbital number l have opposite signs ͑␣ l͒ Ͻ 0, the central vortex and outlying vortices acquire the same signs of topological charges. All vortices cannot be gathered at the center for any ␣ and R. Thus a spiral beam becomes structurally stable.
At the same time, the value of an orbital number N =2͉l͉ can change the type of structural stability of a spiral beam. Indeed, values of the number l obeying the inequality N Ͼ 2͉l͉ correspond to increasing the phase of the field in the vicinity of the beam axis, while the inequality N Ͻ 2͉l͉ presumes that the phase decreases. This is equivalent to turning the condition ͑␣ l͒ Ͼ 0 into the condition ͑␣ l͒ Ͻ 0. However, spiral beams in the state ͕2͉l͉ , l͖ are always structurally stable. However, notice that any perturbations of the beam symmetry cause decay of the higherorder optical vortex at the axis.
Array of Off-Axis Singular Beams
Critical points in the array of singular beams display a series of new, unexpected features that were not inherent to that of Gaussian beams. In fact, the order of the critical point in the array corresponds to a number of intersections of a helixlike wavefront of individual beams at the axis. Naturally, this number depends on the number of beams N and the number of leaves in the helicoid (associated with a topological charge M of each individual vortex nested in the beam), whereas phase matching (defined by the index l) ensures shaping of the vortex at the array axis. Besides, the number of intersections is very sensitive to the beam displacement R and inclination ␣, which are responsible for phase tuning of the individual beams. A number of critical points in the vortex-beam array grow appreciably. To avoid excessive mathematical details, we will try to trace a total picture of structural instability of spiral beams from the example of the most instructive particular cases. The state of the vortex-beam array we will designate now as ͕N , l , M͖.
The wave function (14) for spiral beams: ␣ Ϸ R, z = 0 can be rewritten as
First of all, it necessary to note that the central vortex disappears if N = l + M. The intensity distribution has a maximum at the axis. The order of the critical point in the rest of the cases is defined by the relations between the first and the second terms in Eq. (23) .
The second term in Eq. (23) Case l =0, ␣ = R is of a particular interest. We find here new intrinsic features of the critical point. The field near the critical point R = 0 has the form
Both terms in Eq. (25) contribute to shaping the axial optical vortex. When N =2M, the contribution of both terms in Eq. (25) is the same if
and
This means that the critical point of the order M turns into M rays,
in the vicinity of the array axis. Transition through the critical value of the displacement R crit (26) 
Under the condition ͉␣ ͉ = R, expression (30) can be written near the axis R =0 as
A major part in shaping the central vortex is played by the first term in Eq. (31) 
The wave function (14) can be written in the following forms:
The second term in Eq. (32) 
The difference of the wave function from that in Eq. (32) 
We obtain results similar to those for case (V); however, Q turns to the opposite sign.
Thus, it is impossible to give a general parametric relation for the structural stability of a vortex-beam array. Each particular case needs a detailed analysis. The first explosion of the critical point can accompany a transformation of the beam array into a spiral beam under the condition ͉␣ ͉ = R. We revealed that such a transition corresponds to structurally unstable spiral beams with a critical point
Spiral beams in other states do not experience structural transformations. However, inside the condition ͉␣ ͉ = R, variations of the intrinsic parameters ␣ and R of spiral beams can stimulate a series of explosions of the critical point, resulting in structural transformations of the beam state. At the same time, a critical point is not a global characteristic of the beam array. Its decay can do little damage to properties of spiral beams. In the following sec- tion, we will discuss the influence of a critical point explosion on the global characteristic of the spiral beam.
ORBITAL ANGULAR MOMENTUM
The orbital angular momentum (OAM) [6] is a global characteristic of a beam array, with critical points playing a specific role in its inherent properties [21, 38, 40] . Optical vortices nested in the array cause energy to circulate around individual axes. On the other hand, an inclination of off-axis beams forces the energy flux to circulate around the array axis, too. Moreover, the phase matching of the beams leaves its additional imprint on the flux rotation. A mutual competition of these three circulation processes ensures shaping of a full OAM of the vortexbeam array (see Fig. 1 ).
In this section, we will analyze the evolution of the OAM caused by variations of the array parameters, focusing our attention on a linkage between OAM transformations and explosions of critical points.
In order to calculate the OAM L z , we make use of a simple relation [41] for paraxial beams:
By using Eqs. (14) (where ⌫͓. . .͔ = ͕⌫͓͑␤ + + ͒ /2͔͖ / ͓⌫͑ +1͒⌫͑ +1͔͒ is a gamma function and 3 F 3 ͑. . .͒ stands for a generalized hypergeometric function), we come to the following expression: 
In Eq. (37), we used the following designations: 
In addition, for the array of Gaussian beams with M = 0, we can simplify Eq. (37) using relations for hypergeometric functions [37] . Then we come to the equation for the OAM in the form
It is very suitable to use the value of a specific OAM defined as
In terms of a specific OAM , we can write an asymptotic of Eq. (37) for R 2 ӷ ␣ 2 (or vise versa R 2 Ӷ ␣ 2 ) far from the condition for the spiral beams:
͑41͒
A linear dependency of the value on the parameters ␣ and R testifies that an overlapping of wave function sidelobes of individual beams in the array are vanishingly small (interference of the beams makes a small contribution to the array), and the OAM is exclusively defined by a topological charge of the individual beam and geometrical properties of the array.
Consider several particular cases.
(I) The elementary array of two Gaussian beams: N =2, M = 0. Expression (39) can be reduced to a simple form for two Gaussian beams in the array. After straight but lengthy transformations of Eqs. (39) and (40), we find In the range of negative values ␣ Ͼ 0, the OAM of the beam array experiences a number of splashes at the points R = R crit . A character of these splashes is welltraced on the example of a spiral beam OAM shown in Fig. 7(b) . On the other hand, positions R = R crit of the critical points in the field are defined by the roots of polynomial (30) , where the order of the critical points is equal to and R max grow as the displacement R increases. Moreover, a number of roots R crit and maxima R max differ. In our case, the number of roots is M = 6, whereas the num- (IV) Case of spiral beams with a zero OAM. Although the OAM of a vortex-beam array can vanish at isolated points ͑R , ␣ ͒, spiral beams carry over, as a rule, a certain nonzero OAM. Nevertheless, there are some particular cases of disappearance of the OAM in structurally stable spiral beams within a certain range of their intrinsic parameters. First of all, it refers to the beams with the following parameters: (1) N = l + M and (2) l + M = 0. Figure  9 illustrates such a situation using the example of a spiral beam in the state ͕8,3,−3͖. The crucial point in this state disappears at the beam axis both for ␣ Ͼ 0 and ␣ Ͻ 0. Instead, there arises the central maximum encircled with a net of identical optical vortices for the case ␣ Ͼ 0 or a net of topological dipoles for ␣ Ͻ 0. The angular momenta of individual beams are suppressed by the angular momentum connected with the off-axis geometry of the beam as a whole and the phase matching.
Thus, the trait feature of the vortex-beam array is an indirect linkage between the order of a critical point Q and the value of a specific OAM . The interferential processes play a major role for the values ͉␣ ͉ , R Ͻ 1 so that the geometrical contribution of the individual beams to the OAM is suppressed. Splashes of the OAM = extr coincide with the order of critical points Q under the condition ͉␣ ͉ = R. When increasing the values ͉␣ ͉ , R Ͼ 1, the role of the array geometry becomes stronger, whereas the contribution of a critical point is smoothed out. The disappearance of the OAM = 0 at some points ␣ and R is associated with a state of unstable equilibrium among three competitive rotational movements, while vanishingly small magnitudes of the OAM Ϸ 0 within a whole range of values ␣ and R are conjugated with the disappearance of the central critical point from the array.
CONCLUSIONS
We have considered a symmetric array of singular beams whose axes lay on the surface of a hyperboloid of revolution. Such a vortex-beam array is characterized by the number of beams N, the orbital number l connected with phase matching of individual beams, the topological charge M of each beam, the relative displacement R, and the relative angle ␣ . A key characteristic of the beam array is a critical point of the order Q positioned at the array axis (a topological charge of a centered optical vortex). We revealed that the beam array turns into a typical spiral beam when the beam displacement R and the inclination angle ͉␣ ͉ are equal to each other. However, the equality R = ͉␣ ͉ can also corresponds to a delay of the critical point of the order Q into N single-charged vortices and a centered vortex with a topological charge equal to l + M. This means that the spiral beams bearing higher-order optical vortices are nongeneric ones. They can also be structurally unstable ones under certain conditions, since slight perturbations (random or determinate) of the intrinsic beam parameters that do not breaking the array symmetry entail a delay of their critical points. The array parameters l, M, and ␣ are associated with individual rotations of energy flux. Competition of such rotations defines a total characteristic of the beam array-an OAM. We revealed that the conditions of structural instability of spiral beams are accompanied by sharp splashes of the OAM. At the same time, the spiral beam with the state M =0, N =2͉l͉ can be referred to as a structurally stable one, since its specific OAM has no distinctive splashes via variations of the intrinsic parameters. We will show that such a spiral beam can be produced on the basis of light diffraction on a stack of dielectrical wedges [35, 36] in a forthcoming next paper.
Extreme values of the specific OAM are equal to the order of critical points if ͉␣ ͉ , R Ͻ 1. When R ӷ ͉␣ ͉ (or vice versa R Ӷ ͉␣ ͉), the OAM increases (or decreases) linearly with a value R (or ␣ ). 
